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THE CONIC SECTIONS IN THE OLD JAPANESE 
MATHEMATICS. 



By T, HATASHI, Leoturer of Mathematics in the Tokyo Higher Normal School, Tokyo, Japan. 



In a brief Note in the Monthly, Vol. XII, 1905, p. 166, it is remarked that 
"the most surprising fact about the old Japanese mathematics is that, while the 
most elementary parts were regarded as common property, the more advanced 
results were regarded as secrets which should be communicated to a very few." 
In fact, at most, one of the sons of one head master and two of his most highly 
versed disciples might be the keepers of the secrets of advanced mathematics as 
the successors of the head master. This curious fact, a parallel to which can 
be found in the Pythagorean school, interrupted the development of Japanese 
mathematics. But it became gradually impossible already before the Restoration 
of the Imperial government from the shogoon's authorities in 1868, to keep 
secret among a very few the proofs of theorems and the solutions of problems 
which they obtained from their predecessors or which they invented themselves. 

Takakazu Seki (1642 — 1708) was the founder of the most famous school. 
This school was so nourishing that the mathematics of that school is the repre- 
sentative of Japanese mathematics and the development of mathematics in Japan 
was almost entirely accomplished by the scholars of that school. Seki, a con- 
temporary of Newton and Leibnitz, invented the method of calculation called the 
Enri method, which well resembles the infinitesimal calculus. The now-living 
head master of the Seki school, Mr. Chorin Kawakita, turned over to the library 
of the Tokyo Imperial University printed books and manuscript books belonging 
to him and containing theorems and problems kept in secret for about two hun- 
dred years. The number of these books together with those which the library 
bought reaches about two thousand, so that Prof. P. Harzer says that they are a 
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sufficient guarantee of the Japanese high esteem for mathematical knowledge. 
Prom this collection of Japanese mathematical works we may now see what were 
the secrets among the mathematicians in old Japan. I myself have some of the 
works of Japanese mathematics in my library. However, I may be allowed to 
say that I myself do not belong to the Seki school, or any other school of old 
Japanese mathematics. 

In writing my work entitled "A brief history of the Japanese mathemat- 
ics" in Nieuw Archiefvoor Wiskunde, 1904, pp. 296— 324, and 1905, pp. 325—361, 
(the remaining part to be immediately published), I got most of the material 
from Mr. T. Endo's Dainihon-Sugakushi or History of Mathematics in Great 
Japan, written in Japanese in 1896. Mr. Endo is one of the few men belonging 
to the old school to be found now-a-days, and his work is "written in a language 
not entirely intelligible and sometimes even repulsive to a student of modern 
mathematics, and in the characteristic tone peculiar to the men of the old school 
and altogether at variance with the spirit of modern mathematics," as one of my 
masters, Prof. Dr. E. Fujisawa of the Tokyo Imperial University, says in his 
paper, "Note on the mathematics of the old Japanese school" in the second in- 
ternational congress of mathematicians held at Paris in 1900 (see E. Duporcq's 
compte rendu du congres, pp. 379 — 393). So I compiled in my work the materials 
got from Mr. Endo's work in a manner easier to comprehend and quite different 
from that of Mr. Endo's work. 

'I will take this opportunity to publish the content of the most famous 
work on the conic sections written about seventy years ago by a mathematician 
and containing curious and difficult problems of a quite different kind from those 
in European mathematics. But let me first give a history of the treatment of 
the conic sections in Japanese mathematics. 

The mathematicians did not treat the sections of a right cone, as Apollon- 
ius did, but they treated the sections of a right cylinder, and therefore they 
knew only the ellipse until European mathematics was imported, and did not 
know the two curves, hyperbola and parabola, though they treated many other 
curves, algebraic or transcendental. 

I do not know who first treated the ellipse. But we may say that Naom- 
aru Ajima was the first mathematician who could completely calculate the length 
of an elliptic arc and the area of an elliptic segment, and consequently the whole 
perimeter and area of an ellipse, by a peculiar method which very well resem- 
bles the method of integration called by the mathematicians Unri Method. The 
literal meaning of the word Enri is "principle of a circle." Of all the prob- 
lems that were investigated by the old Japanese mathematicians, the rectifica- 
tion and quadrature of a circle were the most attractive ones to them ; so that 
several methods pertaining to the rectification, quadrature, and cubature of any 
curved line and any curved surface were brought together under the name of 
the Enri method, the ellipse being called Sokuen, considered as one kind of En 
or circles. 

Naomaru Ajima quite reformed the hitherto prevailing method for the 
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rectification and quadrature of a circle, the new method much more resembling 
the infinitesimal calculus. He was born in 1739 and died in 1798. He became 
the head-master of the Seki school. It was one of his most remarkable achieve- 
ments that the whole perimeter of an ellipse and the length of an elliptic arc 
were each expressed in an infinite series. 

Ajima had written many manuscripts, but there was no printed one. His 
best disciple Makoto Kusaka (1764-1839) compiled in 1799 the manuscripts into 
a book which he named Fukyii-Sampo, which means a perpetual mathematics. 
This however, was not published as intended. The later scholars never failed to 
copy it and regarded it as one of the most esteemable works. It contains six 
problems relating to ellipses. The following enunciations will have something 
of interest, as indicating what problems the old mathematician solved. [The- 
mathematicians of the old school did not enunicate problems minutely, but they 
drew always such a figure for every problem that we can understand the mean-r 
ing of the problem ; so they usually put the words "as in the figure" in the first 
part of the enunciation.] 

The 6th problem. As in the figure, a circle and an 
ellipse are inscribed in a right-angled triangle. Given 
the two sides of the triangle and the minor axes, find 
the major axes. 

The 11th problem. An ellipse and a circle are 
inscribed in a rectangle, the major axis of the ellipse lying 
along the diagonal of the rectangle. Given the two sides 
of the rectangle and the minor axis, find the diameter of 
the circle. 

The 20th problem. A spheroid is cut by a plane. Given the axes of the 
spheroid and the axes of the section, find the volume of one part of the spheroid. 

The 21st problem. A spheroid is inscribed in a rectangular parallelopip- 
edon. Given the three sides of the parallelopipedon and the minor axes of the 
spheroid, find the major axis. 

The 22nd problem. In a given ellipse two equal chords and two equal 
circles are drawn tangent to the chords and the ellipse. Given the major and 
minor axes of the ellipse and diameter of the circles, find the length of the chords. 

The 23rd problem. As in the figure, a cer- 
tain number of equal ellipses are inscribed in a cir- 
cle. Given the diameter of the circle and the 
major axis and the number of the ellipses, find the 
minor axis. 

Kohan Sakabe was another of the best pupils 
of Ajima. He died in 1824, the date of his birth 
being unknown. In 1810, Sakabe wrote Sampo- 
Tenzan-Shinan (a guide to the Tenzan method, 
which resembles the algebra.) One hundred and 
ninety-six typical problems are arranged in order 
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from easy problems to difficult ones. At the end of the work, we find the 
method of finding the length of the whole perimeter and of an arc of an ellipse 
which had been already discovered by his master Ajima. This was the first 
appearance of the problems pertaining to ellipses in printed books. It is said 
by some scholars that the part of the book relating to ellipses had been written 
by his pupil, Hisanori Kawai. 

The successor of Kusaka was Yasushi Wada (or Nei Wada) who died in 
1840, the date of birth being unknown. The Bnri method was quite reformed 
by him. His improvement of the method was epoch-making in the history of 
Japanese mathematics, as Ajima' s was. I will next explain his method of find- 
ing the perimeter of an ellipse, which is contained in his Enri-shinko or Elemen- 
tary lessons on the Enri method. 

Divide the major axis AB=a into 2m equal parts. Let PQ and JP'Q' be 
the mth and w+lth ordinates (called cho), the numbers being given to the 
ordinates from the minor axis =b, taken as the first ordinate to the right-hand 
ones and to the left-hand ones. 

The (m + l)th Chokakn, that is 



mth cho-(m+l)th cho=(^-)& -*■ Jl -(■£)*. 

The (»w+l)th Haikaku, that is 2 x elliptic arc intercepted between the with and 
(m-t-l)th cho equals 



By the binomial expansion, 

b-m -£)]=> -»g)'(i -%)-£m -£)* 

1.1.3 /m\'/ & 2 \ 4 1.1.3.5 / wW _j&V_ 
2AS\n) \ a 2 ) 2.4.6.8V. n ) \ a*) '" 
and 

By actual multiplication, I 1 — ( — J fl ? J I xl 1 — f — ] I is expanded ki- 
rn 

to a power series of (m/») 8 . Then i X perimeter of the ellipses Lim 2 (with 
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. ., , N r . 1 1 /. b*\ 1.1 1.8/, & 8 \* 1.1.3 1.3.5/, b*\* "I 



This was rewritten as follows : 



*xp-— — {i -y.^^>- yy[t»] '-y.t?.|5 



p i -(&»/««) -]» 



L-(&V« 8 )"1 8 _1J ^3 3^5 
1«" 2 s ' 3* 



5.7r i~(ft*/qi) -|« | 



In this series there appears the factor 1 — (& 8 /a 2 ), that is the square of eccentric- 
ity. This factor was called by the mathematician ritsu or modulus of the series. 

Kyo Uchida, well known by the name of Gokwan TJchida and living up to 
about 1877, was one of the best pupils of Kusaka and Wada. Kubota, a disci- 
ple of Uchida, wrote the first part of Enri-Shohei-jutsu (the date of publica- 
tion is not known). In 1855, the second part of the same work was written by 
Kumamoto, his fellow-student, and revised by Takemura of the same school. 
The first part is devoted to the methods of finding the center of gravity of plane 
figures and the second part to those of solid figures. Among the latter, the fol- 
lowing problem is found : A spheroid is cut off by a plane parallel to one of 
its principal planes. Find the center of gravity of the remaining part. 

Hiroshi (or Kwan) Hasegawa (1782 — 1832) was also one of the best 
pupils of Kusaka, but was expelled from Kusaka' s school on account of his bad 
conduct, and was scorned by the mathematicians of the Seki school. Neverthe- 
less he continued his study. He published many books by the names of his 
pupils. By the name of Tsunemitsu Murata, he published Sampo-Sokuen- 
Shokai in 1831. Fifty problems relating to ellipses are arranged. This work 
was very famous and was respected by contemporary and later mathematicians. 
It is the most elegant work devoted to the study of ellipses. It will be interest- 
ing for us to know the content of this work, in order to learn the characteristic 
inclination of study of mathematics peouliar to the old Japanese school. 

(1.) As in the figure, two equal circles in 
external contact are inscribed in an ellipse. Given 
the major and minor axes, fine the l-adius of the 
circles. 

(2.) As in the figure, the circles in contact 
with an ellipse at the extremities of the major axis 

and having the maximum radius are drawn. Given the major and minor axes 
of the ellipse, find the maximum 
radius. [The circles are the osculat- 
ing circles] . 

(3.) As in the figure, two 
equal circles not in contaot are in- 
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scribed in an ellipse. Given the major and minor axes and the radius of the 
circles, find the distance of the centers of the two circles. 

(4.) Two unequal circles in external contact are inscribed in an ellipse. 
Given the major and minor axes and the radius of one circle, find the radius of 
the other circle. 

(5.) A rhombus is inscribed in an ellipse. Given 
the major and minor axes and the area of the rhombus, 
find the side of the rhombus. 

(6.) As in the figure, two equal circular arcs are 
drawn and four equal large circles and two equal small circles are inscribed 
within an ellipse. Given the radius of the small circles, find the maximum of 
the radius of the large circles [two 
of the large circles ar the osculating 
circles at the extremities of the major 
axis.] 

(7.) As in the figure, an 
ellipse, one circle A, two equal cir- 
cles B and two other equal circles G 
are drawn within a square. Given the radius of the circle 
G, find the maximum radius of the circle B [the circles B are the osculating 
circles at the extremities of the major axis.} 

(8.) Four equal ellipses and five equal circles are drawn within a square, 
the extremities of the major axes of two neighboring ellipses being the same 
point. One of the equal circles has its center at the center of the square to 
which circle the four ellipses are tangent externally, the other four circles are 
in the areas formed by the intersection of pairs of ellipses. Given the major 
axis, find the minor axis. 

(9.) Three equal ellipses and one circle are drawn within an equilateral 
triangle. The major axes of the ellipse coincide with the median of the tri- 
angle and the circle is tangent internally to the three ellipses. Given the major 
and minor axes of the ellipses, find the diameter of the circle. 

(10.) As in the figure (23rd problem, p. 173), a certain number e. g. five, 
of equal ellipses are drawn within a circle. Given the diameter of the circle and 
the number of ellipses, find the major and minor axes. 

(11.) As in the figure (23rd problem, p. 173), a certain numbere. g. five, 
of equal ellipses are drawn within a circle). Given the major and minor axes, find 
the number of the ellipses when the diameter of the external circle is minimum. 

(12.) Four equal circles are inscribed within the external curvelinear 
triangular spaces formed by two intersecting equal ellipses [having the same 
centre and the major axes at right angles]. Given the major axis, find the 
minor axis when the diameter of the circles is maximum. 

(13.) An ellispe and a square are inscribed in a half isosceles trapezoid 
[the half part of an isosceles trapezoid divided by the join of the middle points 
of the two parallel sides] . Given the two parallel sides and the distance of the 
two parallel sides, find the side of the square. 
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(14.) Two eqnal chords not intersecting within the ellipse and two unequal 
circles are drawn within an ellipse, the circles being in internal contact with the 
ellipse at the extremities of the minor axis and tangent to the chords. Given 
the major and minor axes and the diameters of both circles, find the length of 
the chords. 

(15.) The enunciation is the same as the proceeding; except that the 
chords intersect within an ellipse. 

(16.) Two equal intersecting chords, two equal ellipses and two unequal 
circles are drawn within a circle, the circles and ellipses being tangent to the 
given circle and the intersecting chords. Given the diameter of the external 
circle and the major and minor axes, find the diameters of the two unequal 
circles. 

(17.) Two circles A and B are intersecting, the center of B lying on the 
circumference of A; and two equal chords, two equal ellipses tangent to A and 
the two intersecting chords, and two equal circles G tangent to A, and one small 
circle D tangent to € and B and the intersecting chords are drawn, the major 
axes being parallel to the chords respectively. Given the major and minor axes, 
and the diameter of the circle A, find the diameter of the circle D. 

(18.) An ellipse is inscribed in a circle and then a circle B is described 
on the minor axis of the ellipse. Two equal non-intersecting chords are drawn 
tangent to B and two equal circles I) are inscribed in the smaller segments of 
the ellipse, cut off by the equal chords. Circles A and € are drawn tangent to 
the equal chords tangent externally to the ellipse and tangent internally to the 
given circle. Given the diameters of the given circle and the circle B, find the 
diameter of the circles 1). 

(19.) Two equal lines are drawn through the center of a rectangle. In 
the two pentagonal spaces two equal ellipses are drawn the major axis of which is 
equal and parallel to the shorter side of the rectangle. In the two triangular 
spaces, two equal circles A are drawn and two equal circles B are drawn tangent 
to the ellipses and the two intersecting lines. Given the two sides of the rect- 
angle and the diameter of the circle A, find the diameter of the circle B. 

(20.) Two equal ellipses are inscribed in a circle in such a way that 
three equal pentagons can be inscribed iu the segments of the ellipse, a side of 
each pentagon lying in a common line and one pentagon being common to the 
two ellipses. Given the diameter of the circle, find the side of the pentagon 
and the major and minor axes of the ellipses. 

(21.) Two equal pentagons are inscribed in an ellipse in such away that 
each of two diameters of the ellipse forms a side each of the two pentagons. 
Four equal circles are inscribed in the segments cut off by the sides of the pen- 
tagons. Given the major axis of the ellipse, find the diameter of the circles. 

(22.) Six equal chords, two of which are parallel to the major axis, are 
drawn within an ellipse, and four equal circles are drawn in the four equal seg- 
ments. Given the major and minor axes, find the diameter of the circles. 

(23.) A chord is drawn in an ellipse and three unequal circles A, B, and 
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C are drawn, A and B each touching the ellipse in two points and tangent to the 
chord and G touching the ellipse in one point and tangent to the chord. Given 
the minor axis and the diameter of the circles A and B, find the diameter of the 
circle C. 

(24.) Five unequal circles are drawn within an ellipse the circles touch- 
ing the ellipse in two points, and the'four chords A, B, G, 2> touching the two 
neighboring circles are drawn. Given the three chords A, B, G, find the fourth 
chord D. 

(25.) As in the figure, a square, two equal ellipses 
and four equal circles are drawn within a circle. Given 
the diameter of the external circle, find the maximum 
diameter of the equal circles. 

(26.) Two equal circular arcs and four equal small 
circles are inscribed in the segments of the ellipse cut off 
by these circular arcs are drawn within an ellipse. Given 
the major and minor axes, find the diameter of the small 
circles. 

(27.) Two intersecting lines from the vertices of the acute angles and 
two equal ellipses having the major axes parallel to one side are drawn within a 
right-angled taiangle. Given the ratio of the major axis to the one side parallel 
to it, find the ratio of the minor axis to the other side parallel to it. 

(28.) Two equal circles A with centers on the major axis, two equal cir- 
cles B with centers on the minor axis, and one circle G whose center is the cen- 
ter of ellipse and tangent to circles A and B, are drawn within an ellipse. 
Given the major and minor axes, find the diameter of the circles A. 

(29.) Circles whose centers are od major axis, and squares one of whose 
diagonals coincide with major axis are inscribed alternately within an ellipse. 
Given the major and minor axes, find the number of circles and the number of 
squares. 

(30) and (31.) Two subsidiary problems of the preceeding. 

(32.) An ellipse and a circle A are inscribed in a semi-circle, the major 
axis of the ellipse being parallel to the base of the semi-circle and the diameter 
of circle A coinciding with the minor axis of the ellipse. Two equal circles B 
tangent externally are inscribed in each of the crescents formed by the ellipse 
and circle A. Given the diameter of the small circles B, find the diameter of 
the semi-circle when the major axis is a maximum. 

(33.) An ellipse is drawn within a square in such a way that it touches 
three sides of the square and its major axis is parallel to the side of the square. 
Four equal circles B whose centers form a square whose sides are parallel to the 
former square are inscribed in an ellipse, also a fifth equal circle B is discribed 
on the minor axis produced so that it is tangent to the ellipse and the side of the 
square. Two equal circles A are drawn tangent to this fifth circle B and two 
sides of the square. Given one side of the square, find the diameter of the 
circles A. 



(34.) 
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As in the figure, two equal circles, an ellipse and a square are 
drawn above a straight line, the 
ellipse touching the four sides of the 
the square and two circles. Given 
the diameter of the circles and the 
minor axis, find the major axis. 

(85.) As in the figure, two 
equal ellipses and two equal circles 
are drawn. Given the major and 
minor axes, find the diameter of the 
circles. 

(36.) As in the figure, two equal circles A and two equal ellipses and 
five equal small circles B are drawn. Given the diameter of the circles A, find 
the limiting length of the diameter of the small circles B. 

(37.) As in the figure, two equal circles and one ellipse are drawn above 
a straight line, the major axis being parallel to the straight line. Given the 
diameter of the circles and the minor axis, find the major axis. 








(38.) As in the figure, an ellipse and six equal circles are drawn within 
a circle. Given the diameter of the external circle, find the maximum diameter 
of the equal circles. 

(39.) As in the figure, 
an ellipse, two equal circles A 
and two equal circles B are 
drawn within a circle. Given 
the diameters of the circles A 
and B, and the major axis, find 
the minor axis. 

(40). As in the figure, an ellipse, four equal cir- 
cles A and four equal circles B are drawn within a circle. Given the diameters 
of the circles A and B, and the major axis, find the minor axis. 

(41.) As in the figure, a circle, two equal ellipses, two equal circles A 
and two equal circles B are drawn within a rhombus. Given the major and minor 
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axes, and the diameter of the circle A, find the di- 
ameter of the circles B. 

(42.) A spheroid and a certain number of 
equal small spheres surrounding the spheroid are 
drawn within a sphere. Given the major and 
minor axes, and the diameter of the small spheres, 
find the number of the small spheres. 

(43. ) Equal ellipses whose major axes co- 
incide with diameters joining opposite vertices of a 
regular incribed polygon are inscribed within a 
circle. Equal circles are inscribed in the triangular 
space formed by two consecutive ellipses and the circle. Given the major and 
minor axes of the ellipses and the diameter of the small circles, to find the num- 
ber of ellipses. 

(44.) Equal ellipses whose major axes coincide with the diameters join- 
ing opposite vertices of a regular inscribed polygon are inscribed in the poly- 
gon. In the triangular spaces, formed at the vertices of each ellipse, by three 
consecutive ellipses, equal circles B are drawn, arid in the space common to all 
the ellipses at the center of the polygon a circle A is drawn. Given the diameter 
of the external circle, find the diameter of the circle A when the diameter of the 
circles B is a maximum. 

(45.) Two equal spheriods whose major axes are at right angles, and a 
certain number of equal spheres touching each of the spheroids and the sphere 
are drawn within a given sphere, the small spheres touching each other in pairs. 
Given the diameter of the external sphere and the number of the small spheres, 
find the diameter of the small spheres. 

(46.) A circle A is concentric with a given circle. A certain number of 
equal ellipses tangent to the two circles at the extremities of the major axis are 
drawn. In the space common to two consecutive ellipses equal circles B are 
drawn. Given the diameter of the external circle, the major and minor axes, 
and the number of the ellipses, find the diameter of the circles B. 

(47.) As in the figure, an ellipse and a circle are in- 
scribed within a regular polygon. Given the major and minor 
axes, find the diameter of the circle. 

(48.) Equal ellipses are drawn in a regular polygon. 
The number of ellipses is equal to the number of sides of the 
polygon; each ellipse is tangent to three consecutive sides of 
the polygon ; and the major axis of each ellipse is parallel to 
the mid side of the three consecutive sides. In the areas common to two consec- 
tive ellipses equal circles B are drawn. At the center of the polygon a circle A 
is drawn tangent to the ellipses. Given the side of the polygon, and the diameter 
of the circle A, find the diameter of the small circles. 

(49.) Ellipses are incribed in a polygon as in problem 47. Given the 
major and minor axes, find the side of the polygon. 
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(50.) Equal ellipses are drawn within a polygon as in problem 49, and 
equal circles are drawn in the area common to two consecutive ellipses. Given 
the major and minor axes, find the diameter of the circles.* 

As an appendix of this book, the author Murata described the minute 
demonstrations of the solutions of the sixth and eleventh problems of Ajima's 
Pukyu-Sampo in which the solutions of all problems were not demonstrated. 

I will conclude this paper by adding that ellipsoids which were treated by 
Japanese mathematicians of the old school were spheroids only, called Choryiien 
or elongated solid circle. 

Tokyo, December 1, 1905. 



ON THE FUNCTIONS WHICH HAVE A GIVEN ALGEBRAICAL 

ADDITION THEOREM. 



By H. KABA, Tokyo, Japan. 



Let /(«) denote the uniform analytical function possessing a given alge- 
braical addition theorem, that is, 

/(*+j/)=JU , (^),/(j/)]...(i)- 

It is evident that the function satisfies the equation 

In the first place we prove conversely that the uniform analytical function 
<p{x) which satisfies equation (2) will satisfy equation (1). Set 

<p(x+y)-Fl,<p(x), 'p(y)']=F 1 (x, y). 

If we use x+h instead of y and develop the function F t in a power series of h by 
Maclaurin's theorem, all the coefficients will be zero. In fact, as the function F 
is symmetrical in q>(x) and <p(y), we have the following: 

And also we have the following : 

*In justice to the author and to Editor Dickson, I wish to state that I changed the 
enunciation of all the problems unaccompanied by diagrams, to avoid making so many 
wood-cuts. Ed. F. 



